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It is shown that the Brunn-Minkowski inequality can be viewed as a special 
case of a complementary Minkowski inequality. 
In this note we will consider continuous nonnegative (extended real-valued) 
functions defined,on S--l, the unit sphere in r-dimensional Euclidean space, Rr. 
More specifically we will be considering indexed families 
(fu: h-1 -+ [O, co] I 24 E As--l}, 
where [0, 001 denotes the extended nonnegative real numbers. We will use 
Inff, to denote the function 
where h(y) is equal to the greatest lower bound (inf) of 
For a continuous, nonnegative, real-valued function 
h: S-l - [O, co) 
and a real number p > 0, the p-mean of h, M,[h], is defined by 
where w, denotes the r-dimensional volume of the unit ball in R’, and &S(w) 
denotes the (r - I)-dimensional volume element on S’-l at w. For p = 00, let 
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It is well known [2, p. 1431 that M,[h] is equal to the least upper bound (sup) of 
{h(w) 1 w E P-l}. 
It is also well known [2, p. 1431 that thep-means of h, M,[h], are continuous and 
monotone in p. 
From the Minkowski inequality [2, p. 1461 we have, for Inff, and Infg, 
continuous, and for p > 1, 
M,[InfL + Infg,l d M,Wf,l + M,[Infg,l. (1) 
We shall show that the Brunn-Minkowski inequality [I, p. 881 is equivalent to 
~,Vnff,l + M,Pfg,] < M,[Inf(.fu + g,)], 
with p = T and with fU and g,, restricted to a class of functions, %. 
We first require some elementary facts from the theory of convex bodies. For 
general reference see [l]. Th e convex bodies in R’ are the compact convex 
subsets of Rr which have nonempty interiors. We will restrict our attention to 
those convex bodies that contain the origin in their interior. We shall use (., .) 
to denote the usual inner product in RC. We will use / . 1 to denote the norm 
determined by the inner product. For a nonzero vector x we shall use (x) to 
denote 1 x 1-l x, the unit vector that has the same direction as X. 
Associated with a convex body K is a support function 
which is defined by 
HK: R’ + [0, co) 
f&(4 = Sup{@, Y) I Y E K), 
and a distance function 
FK: R’ 4 [0, co) 
which is defined by 
FK(x) = Inf{h > 0 j h-lx E K}. 
Both the support and distance functions are continuous. These functions also 
have the following properties [3]: 
G(x) > 0 for x # 0, 
G(h) = AG(x) for X > 0, 
G(x + r> < G(x) + G(Y). 
(3) 
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Conversely, given a function 
G: R’ -+ [0, co) 
that satisfies (3), there exist unique convex bodies K and K* such that G = HK 
and G = FKe . It is often convenient to consider the restriction of the support 
and distance functions to P-r. The following relation between HK and FK exists 
[31: 
F&I) = Sup{@, V) H&-l 1 u E ST-l>. (4) 
Also associated with a convex body K is a radial function 
pK: ST-1 -+ [O, cx3) 
which is defined by 
#OK(W) = Sup{h > 0 I hu E K>. 
The radial function is continuous. It is easy to see that the radial function of K 
is equal to the reciprocal of the distance function (restricted to Sr-l). If we 
combine this observation with (4) we obtain 
Pa = Inf(H,(u) (u, w)-l / u E F-l}, (5) 
where, by convention, X0-l is taken to be co. 
Given two convex bodies A and B, their Minkowski sum, A + B, is defined by 
A simple consequence of the definition is 
H ACE = HA + HE . 
If we combine this with (5) we obtain 
pA+&) = Inf(H,(U) (u, v)-’ + H&) (u, v)-’ 1 u E ST-‘}. (6) 
The Brunn-Minkowski inequality [l, p. 881 states that if A and B are convex 
bodies, then 
W’(A) + W’(B) < VIIT(A + B), (7) 
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where V(K) denotes the r-dimensional volume of K. If we divide (7) by wt/r 
and use the polar formula for the r-dimensional volume, we can rewrite the 
Brunn-Minkowski inequality as 
If we, now, let 
and 
g&) = f&(u) (4 v, 
then we can use (6) to rewrite (8) as 
This proves (2) for p = r with fu , g, E %, where V? is the class of functions of the 
type 
h(u) (4 v, 
where h: S-l -+ (0, co), with the property that 
/ x + y I h((x + Y)) < I 32 I 4(x)) + I Y I Y(Y)) 
for all nonzero x, y E R’. 
It seems likely that the general inequality (2) can be established for a class of 
functions larger than W. However, unlike the general inequality (l), the general 
inequality (2) cannot hold for all functions for which Inff, and Infg, are con- 
tinuous. This can be seen from considerations such as the following: If 
Inf(fu +gu) =Inff, + Infg,, 
then by combining (I) and (2) we can see that equality must hold in both (1) 
and (2). But, for p > 1, equality in (1) is possible [2, p. 1461 only if 
is constant. 
It is obvious that the general inequality (2) holds for p = 1. It seems likely 
that (2) can be established for values of p other than 1 and r. However, unlike 
the general inequality (l), the general inequality (2), even with fu andg, restricted 
to V, cannot hold for all real p > 1. This can be seen by noting that (2) with 
fu and g, restricted to %‘, cannot hold for p = GO. Since IM, is continuous in p, 
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it follows that (2) cannot hold for any sequence pi --f 00. Hence, there exists P, 
such that (2), withf, andg, restricted to V, can hold only forp < P, . Obviously, 
P, > Y. 
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